Limits and
Derivatives

A"
— / - - -
Every time a real-world application gets close to a stable solution, the real-life bounds
are applied. A chemical reaction that starts in a beaker and involves two separate
chemicals reacting to create a new compound is an example of a limit. The amount
of the newly created compound has a limit now that time is getting closer to infinity.

Topic Notes
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B Fundamental of Limits
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FUNDAMENTAL ofF LimiTs [l

TOPIC 1
LIMITS OF ALGEBRAIC FUNCTIONS

In this section, we shall discuss various methods to
evaluate the limits involving algebraic expressions of

the form % , where p(x) and g(x) are expressions in
q(x
the variable x and g(x) = 0.

Direct Substitution Method

We shall now discuss the direct substitution mathod for
the evaluation of Limits.

When to Apply

This method is used to evaluate the limits of form
lim [f{x)], where a lies in the domain of the function f{x)

X =20
(Le.. fla) exists).
Evaluate f{a), which is the required Limit.

Computing Limits
In the following sections, we shall discuss the algebraic
techniques for computing the limits of various
functiona. While using these techniques, we make use
of the following properties of Llimits:

(M lim [k] = k. where kls a constant.

Xv2d

@ bm () + 9] = lim [fx)] + lim [g(x)}

@ tm () -g0]= im [f]- im gt}

(iv) lim HX}Q(XH:,H.F“Q (9] im [9k)]-

x-xa X -»0

N =l
(v) tha ﬁ =lim—Lg(x)} provided h.-n-lg [g(q] = 0.

Let aeR and let f be a real-valued function in real
variable x defined at the points in an open interval
cantaining a except possibly at a. Then, we say that the
Limit of the function f{x) is a real number L, as x tends to
a. if the value of fix) approaches L as x approaches a. It
is denoted by lim f{x) and is read as 'limit of f{x) as x

X ->a

tends to o’.

Limits of a Polynomial Function
Afunction fis said to be a polynomial function, if f{x) s a
zero function or if fix) = a, + a,x + c:*:ex2 bk 0,0

where a:'s are real number such that a = 0.

Then, limit of polynomial functions is
= lim = lim —_ '
%) x_mf(x) Llim [a,+ax+ay?+_+ax"]

- 2 n_
=0,+a,0+0,0" +._+a a"=fla)

Limits of Rational Functions
A function f is said to be a rational function, if

fx) = ﬂ where g(x) and h(x) are polynomial
h(x)

functions such that, h(x) = 0.

(x)
Then, lim f(x) = lim @;L: .g(_a}
x-»a x->a h(x) lim h(x) h(a)
X—=a
However, if h(a) = 0, then there are two coses arise,
@ g0)= 0 @) gl@)=0

In the first case, we say that the limit does not exist-
In the second case, we can find a imit.

Rationalisation Method

This is particularly used when either the numerator
or denominator or both in value expression easily of
square roots and substituting the value of x. the rational

exprassion takes the farm g,f, etc

=]

Algebraic limits by using standard limits if ne then

Trigonometric Functions

sinx tanx

lim — = Fes lim =1
x->0 X x-o0 X

. 1l-cosx 2 =]

im =1 lim 2 = log,a
x -0 X x -0

log. (1+n P |

T LU Y
x-20 X x->0 X

Limits of Exponential Functions

The great Swiss Mathematician Leonhard Euler
(1707-1783) introduced the number e, whose value
lies between 2 and 3. This number is useful in defining
expanential function.

A function of the form of fix) = €” is called exponential
function.
The graph of the function is given below:

" fix) = c*
¥ 5 X
r
() Domain of fix) = (—o, =)
(i) Range of ix) = (0, =)
=X

L
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To find the limit of a function involving exponential
function, we use the following thearem.

X
Theorem: lim £ =1
x=0 X

=1

Proof: We have an inequality

1 e’ -1
1+] x|

<1+(e-2)|x|.

x € [-1.1]- {0} )

x

Here, is sandwiched between the functions

X

d[1 - 2)d].
e oL+ -2
1 lim 1
Now, Llim = —u=20 [by quotient of limits]
x-20 14| x| ].IF:'IQ(].-I-IXD
X

1 1

— =_=1

1+4]0| 1

and lim[1+(e=2)|x[] =1+ (e-2)|0]
x—0

=1+(-2)0)=1

Thus, =1= lin’;l)[l+(e—2x)|x[]

lim
x->0 1+ l x|
So, by applying sandwich theorem in eq. (i), we get
X
-1
lim 2

x>0 X

=1

Hence, proved.

Method to Find the Limit of Exponential
Functions

If given function has exponential term, then we convert

the given theorem in the form of and then use

. e*=1
the theorem Llim
x-o0 Xx

=1

Limits of Logarithmic Functions

The logarithmic function expressed as log k was given
by log x=yiffe? =x

The graph of the function is given below:

Y.
[
ﬁ- log,, x
X < >
o ((1. 0) X

v
r

(1 Domain of f{x) = (0, =) or R®
(i) Range of fix) = (~n, =) or R

To find the limit of functions involving logarithmic
function use the following theorem

1+
Theorem: lim lﬂ—(‘:‘]’ﬁﬁ=1
x>0 X
L 1
Proof: Let M:y
X
Then, lcga(l +X)=xy
— l+x=€Y [“logx=y>el=x
- e -1 -1
X
Xy _
- e 1. yei
Xy

b = imy =
-0 xy x-0
= imy =
x-20

. e¥-1
=+ lim =1 and as x - 0, then xy — 0]

xy-0 Xy
log (1
x>0 X
Note:
lim 291X 4
x—oa -X
Corollary
L 1-
L e 250y
x—0 —X
a*=1
i =l
IL X_TRJ 3 oga

Method to Find the Limit of Logarithmic
Function

In given function involves logarithmic functions, then

log_(1+
we convert the given function in the form of M
x
and then we the thearem Llim M=L
x>0 X

Example 1.1: Evaluate the given limit:

cos2x-1

e [NCERT]

x>0 cosx-1"

cos2x -1
Ans. lim ———
x-»0 cosx-1

P (1-2sin’x) -1
x>0 cosx-1

[~ cos2x=1-2sin’x]

L
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e Putting x =3
= iy =
x50 COS X~ 1 _ (3+3)((3)+9]
" 2x3+1
= lim L‘“l") _ 6(9+9)
x>0 COS8Xx-— = —6+1
[ sin?x=1-cos?x
: _ 6(18)
- bim -2(1-cos” x) =73
x0 =1(1-cosx)
. _(108)
o i 2(1° — cos” x) 7
x-=0 l-cosx i
= K 9.
= }J_r’n 2(1 +cos x) Example 1.3: Evaluate the given limit Lim ¥l
zeol =
On putting x = 0, we get z8 -1
=2(1 +cos0) [NCERT]
=2(1+1) 1
z3 -1
=2x2 Ans. Given: im
=2 z31 l
z6 -1
Example 1.2: Evaluate the given limit:
1
4 -
., x*-81 3_q!
lim ———— NCER I ) e
x-32x2 _5x-3 [ T = i
(18 -1
4
Ans. Given, lim i
x->32x? -5x -3 . 1=
Puttmg, x=13 1-1
(3)4-81 0
2(3)? -5(3)-3 "0
_ 81-81 5
T 18-15-13 Since, it is form 6
= % We can solve it by using
n
e, i 5 0P ths = foit iy
0 x-2a X-=4
We simplify as, Hence.
4 2,2 2 1
PO i S TR ¢ ] ) A
x>32x% _Gx-3 x=32x?_6x+x-3 !.im1 =
[+ a®~b’=(a-b)(a+b) 29-1
i (x2-9)(x2+9) & 2
= 3 2x(x-3)+1(x-3) = limp #5lor a8
L _2-9)(+9) 11 1o
= x232x(x=3)+1(x=3) = }i_l:n1[23 —(1)'~‘I+‘LU_:'11 (26 -(1)8]

e (x=3)(x+3)(x2+9)
3 (2x+1)(x=3)

Multiplying and dividing by z - 1

1 1 1 1
_ s (x+3)(x%+9) o 23 Z8-(1)F
x->1 2x+1 Zz-al z=1 T:u)l z=1

- ———————-——-—--—--—-——--_—---—._.r_-—----:kG--rm--—-—-----—---""""1
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1 1 1 1 _a. im sinbx
lim _2.3__.@ Ze_ﬂ b quD bx
=1 z-1 1 Zz=1
I 1_ [using Lm 20x = replacing x by ax
- 1(1)3 = 3(1)6 x>0 X
3
. )JI -d" = Lim singx =1
[ le1 = Z =nd""Y x-0 bx |
- -
a
== %]
1 b
= = % 1 = l ¥ 1
3 6 a
" _ 1 “b
T3 ) ;
’ Example 1.5: Evaluate Llm f(x), where
Hence, aur equation becomes x>0
1 1 L : | lx_' x20
i 22 =3 26 —(1)8 i [NCERT]
- z:f.ll z-1 21 Z-1 0,X=0
- Ans. Finding imitatx=0
= E“*E LHL atx 0O
lim f(x)= lim fF(0-h)
1 6 x> h-0
== -
B4 = lim f(-h)
=2 h-0
Example 1.4: Evaluate the given limit: - lm %
h-0 —
SIS e [NCERT]
x-0 sinbx 5 h
h—ITDE
Ans. Given, lim sfnax = lim -1
x— 0 sin bx h-0
=-1
lim sinax lim 'lb RHLat x >0
ey mepRin lim f(x)= im £(0+h)
Multiplying and dividing by ax h->0 h-0
lim sinax lim 1 e = humnf(h)
X -
x-»0 ax x—0 sinbx >
: = lim m
=1 lim lir 22X - 1] h=0 h
x>0 8inbx x>0 X h
= lim —
ax h-0h
= li :
x—r;no sinbx = hLimnl
e
Replacing x by ax =5
i sinax 4 Since Left Hand Limit (LHL) = Right Hand Limit
a0 ax (RHU)
Multiplying and dividing by bx hhTo Fix) doeon’t exiet
o gy B8 xbx a+bx,x<1
T oD BlRBY Bk Example 1.6: Suppose fix) = {4, x=1 and
b-ax,x>1

bx a
K o—

m "
x-»08inbx b

a .. bx
—x
b x-o0sinbx

Get More Learning Materials Here : &

if limlf(X)= f(1), what are possible values of
X =2

aand b? [NCERT]
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Ans. Here, imit exist atx — 1
e, LHL=RHL=f1)=4
LHLatx —>1

lim f(x)= lm f(1-h)
x->1 x>1

= li b(1-h
hap T e

=a+b(1-0)
=a+b
From (1) and (i)
a+b=4
RHLatx —» 1
im f(x)= lim f(1+h)
h-0

x->1

= lim b-a(l1+h)
h-0

=b-a(1+0)
=b-a
From (1) and (iii)
b-a=4
Adding both
a+b+b-a=4+4
2b=8
b=4
Alsa,
a+b=4
a+4=4
a=0
Thus,a=0and b = 4.

mx?+n,x<0
Example 1.7: If fix) =

nxs+m,x>1

integers m and n does lim f(x) and lim f(x) h-0
x>0 x-1 1-0%+m
exist? [NCERT] n
. oo =n+m
Ans. Given limit exists at x= 0 and x = 1. ) o
At x=0 Since, for limit to exist, LHL = RHL

Limit exists atx =0 if
Left-hand limit = right-hand Limit

m.x2+n,x<0
)= qnx+m 0<x<1

nx3+m,x>1
LHLatx -0

im f(x)= lim fF(0-h
x—]j-lﬂ (x) h—r:-lo ( )

im f{-h
g

lim m(—h)2 +n
h-0

= nr‘.!(O]2 +n
=n

Get More Learning Materials Here : &

(1)

_(ii)

RHLatx— 0
@ lim f(x)= lim F(O+h
x—=0 ( ) h-0 ( }
= lim fih)
h-0
= lim nh+m
h-0
=n(0) + m
=m
Since for limit to exist, LHL = RHL
m=n
So, lim_f{x) exists f m = n.
x—-0
Now, a limit exists at x = 1.
Therefore,
Left-hand limit = Right-hand limit
mx?+nx<0
fix)= 4nx+m 0sxs1
nx3+m,x>1
IHLatx — 1

nx+m,0<sx<1, for what

lim f(x)= lim f(1-h
xTO (X) h—r:‘ﬂ( )

= lim nl-h)+m
h-0

=n(l-0)+m
=n+m
RHLatx — 1

lim f(x)= lim f(1+h)
h->0 h->0

= lim n(1+h)3+m

m+n=m+n
which Is always true.

So. lim Rx) exists at all integral values of mand n.
x->1

Example 1.8: Evaluate the given limit:

lim (cosec x - cot x).
x -1

[NCERT]
Ans. lm (cosec x - cot x)
x—-0
_ hm[ 1 _cn?.\ax)
x-0| sinx sinx
cosB

-~ cosecB= L,cot = ——
sin@ sin@

@g www.studentbro.in
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1-cos
um X

x-0 BiNx
Putting x =0
_ 1-cos0

sin0

1-1

0

0
Thus, we proceed as under

lim (cosec x - cot x)
x>0

- 1-cosx

x-0 sinx

o B
2sm2—

x-0 sinx

L9 X
2sin? =

= lim
x=0

1}
5
L3
[=]
F S §
g
3
|
S’

Example 1.9: Evaluate the given limit: lim x sec x.

Ans. Given, lim x sec x

x>0
= lim x. z
x-0 cCoBXx
= llm
x-20 COB X
Putting x = 0
0
" cosx
_0
=i
=0

7. X X
25in = cos =
2 2

Example 1.10: Case Basad:

A closs teacher Shinu Sharma of Class Xl writes

Let f: R — [0, =) be a function defined as f{x) = [x| and
g(x) = fix + 1) + f(x - 1), Ve R and asked students to
answer the following question based on the above

information

(B) If lim g(x) = g, then the value of a is:

x-—=1
@ 0 (b) -2
© 2 (d) does not exist
(C) Find the value of lim g(x).
x-1*
(D) The value of lim g(x) is:
@0 N2
(o) -2 (d) does not exist
2+x
(E) Assertion (A): l.irrg is equal to
X—2
9 log 2.
Reason (R): m a7 -1 is equal to
x>0 sinx
Praid: loga.
[NCERT] (a) Both (A) and (R) are true and (R) is the

correct explanation of (A).
(b) Both (A) and (R) are true but (R) is not
the correct explanation of (A).
[ sech = 1 ] (c) (A)is true but (R) is false.
cos® (d) (A)is false but (R) is true.
Ans. (A) Given f{x) = |x] and g(x) = flx +1) + fix - 1)
So,
g(q) =[x + 1] + |x - 1|
—(x+1)-(x-1), fx<-1
g = {(x+1)-(x-1), if-1sx<l
(x+1)+(x-1), Fx21

-2x ifx<-1
(cos 0=1) = g(x) =12 if-1sx<1
2x  ifxz1

Get More Learning Materials Here : & m @& www.studentbro.in
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®B) (2 (E) (d) (A) is false but (R) is true
Explanation: For xlil;rll g(x) to exist Explanation: Given,
i o 20x
im g(x)= lm g(x) RPN - e
Xxom] Xeonw]l
x-0 X
= lim (-2x)= lm 2(x) 20ax _
xupml™ x-3=1t = lim 2 (3 1) =9 lDQ 3
222 x-20 X
= Now consider,
lim g(x) exists and equalto2=>a=2 -
Xowml o —»
) limit= Lim =
(©) lim g(x)= lim 2x x>0 sinx
Gl il Let, y=sinx
=3
Then,y > 0asx—0
O ®)2 I
aEJI'U( _1 ay _1
Explanation: lm g(x)= lm 2=2 oo lim — = lim =loga
x-al™ x-31” x->0 BInx y->0 y

(OBJ ECTIVE Type Questions)

[ 1 mark ]
Multiple Choice Questions Ans. (a) 2
Explanation: Given,
1. The value of:i_r:'lﬂ 4x3-22-x+1)is: x2+1 x21
f) = Ix-1, x<1
40 20
@ ® LHL =RHL = R1)
() 38 (d) 88 LHL = Lim x*-1
x-317
Ans. (d) 88
=3-1=2
Explanation: BHL = T a®ed
x->1*
We have lim (4x3—2x2—x+ 1)
x=13 =1+1
On putting, x = 3, we get =2
imx?+1 =1+1=2
=403’ -203-3+1 x-l
3 p—
=4x%x27-2x9-3+1 3. The value of limx 8is:
x22 X—
=108-18-2 (a) 10 (b) 11
290-2 © 12 @ 13
S Ans. (c) 12 .
Explanation:
3
2 ., x~ -8
2. ¥ fi)={* "1 X21 on the value of We have, im ——
3x-1, x<1
lim f(x) is: Now, =20 _(x=2)(2+22 +2x)
x-1 7 =
x=2 x=2
(@ 2 (b) -2 2 4 B
=x‘+4+
©1 @ -1 =22+4+4
[Delhi Gov. Term-1 SQP 2021) =12

- ———————-——-—--—--—-——--_—---—._.r_-—----:kG--rm--—-—-----—---""""1
L

Get More Learning Materials Here : & m @) www.studentbro.in



- ———————-——-—--—--—-——--_—---—._.r_-—----:kG--rm--—-—-----—---""""1

d. Thevelisors g P21 i R 1B] =7
L1 2x-1 B
(@1 2 (2
1/3 _»1/3
() 3 (d) 4 Explanation: We have lim ! bt
Ans. (b) 2 x=2 (x+2)=-2
Explanation: Y3_~13
We have, So, we can write lim greg)
" _ x22 (x+2)-2
., 4x =1 (2x)° -1
lim = n n
1 2x-1 2x-1 , e —
x> Using thnG r—— na"~", we get
_ (2x=1)(2x+1) g
B 2x-1 L 1(2)5_1
=2x+1 3
1 =
=2x — +1 = 3‘.2 3
2 3
=2 1
2 = —
x° =25 2/3
5. The value of Lim [ ] is: 3.4
x-»5| x-5
2
3
(@) 0 (b) The value of lim ton 0¥ is:
(© 10 d) 5 [Diksha] xesbl 2
Ans. (c) 10
& i @0 ®) 3
Explanation: ums[" '25] () oo OF
TR A Ans. (d) 9
o (x45)(x=5) 2
-thns x=5 Explanation: Given, lim [tan ng]
x>0 X
=lmx+5=5+5=10
e . tanax
e We know that, lm =1
. n_an x-20 ax
6. If lim = 80 then n is:
X322 X-— ; tan? 3x
@1 (b) 3 -l =
© 5 d) 7
Ans. (¢) 5
s. (¢) _ g[tcm3x]j
. xR x =20 3x
Explanation: We have lim =80
xu2 x=2 =9x1
=9
; 5 g
Using Llim =ng™!
— . 3+x-— \/5
e e 9. The value of lim L is:
SD, n_2{n =1) =80 x-20 X
n20-Y-5x16
n2""l=5x2%"! (a) 11 (®) 11
n=3 32)2 203)?
L (x+2)M3_2183
7. Thevalue of lim ——— jg: 1 1
wey & © 7 @ ¢
4 5
1 1 .
@ —=57 ) — [Delhi Gov. QB 2022]
3(2) 3(2)
1 1 Ans.
© —55 @ —= LN
2(3) 33 2(3)?

Get More Learning Materials Here : &
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10.

Ans.

11. The value of lim

Ans.

Get More Learning Materials Here : &

Explanation: We have, lim

x =0 x

=

3+ -(3)'2
(x+3)-(3)

We can write as

n n

; : X =
Now, using lim
x=a X=4d

=nan-l

-1
Lawzi_ 1ig7
Thus, 1)(3) = 2(EI)
1
T
2(3)2
i 1-cos4dx »
x=0 12
(a) 8 (b) 1
(© 2 d3
[Delhi Gov. Termn-1 SQP 2021]
(@8

1-cosdx _ 2sin?2x
- 2

Explanation: We have,
g X

. 2
_ 2(5|n2x) 4
2x

=8(1)’=8

(x-1@x-3)

x=1 2x%4x-3

1 b =1
@ & 5 ==
© 1 (d) None of these
[NCERT Exemplar]
-1
®) 15
Explanation: Given, lim M
xl 224 x-3
(Vx -1) (2x-3)

= m
x->1 X(2x +3)=1(2x +3)

- (x =1)(2x -3)

x->1 (x=1)(2x+3)

i (Vx -1 (Vx +1)(2x-3)
m

x1 (x—1)(Vx +1)(2x +3)

. (x-1)(2x=3)
=
2ol (x-1)(Vx +1) (2x +3)

_ lim 2x-3
x1(Yx +1)(2x+3)

Taking limit we have
N 2(1)-3 _ =1 -1
(Vi+1)(2x1+3) 2x5 10

. 2sin?3x |
12. lim is equal to:
x=0  x
(a) 12 (b) 18
(©0 (d) 6
[Delhi Gov. Term-1 SQP 2022)
Ans. (b) 18
Explanation:
. 2sin?3x sin3x #
li = |
-“E:L x2 J!'J—TO 2[ X
= lim 2x9(5i”3")2
x-20 3x
. 3 2
= 18[lim Ll ") =18
x-0 3x
2
13. FRx) = {* =1, 0=x=? gnithe quadratic

Ans.

2x+3,2<x<3

equations, whose roots are Llim f(x) and

x-227
lim f(x) is:
R o L
(@ X*-6x+9=0 (b) X*-7x+8=0

(€ *-14x+49=0 (d) x*-10x+21=0
[NCERT Exemplar]
(d)x*-10x+21=0

xz—l, O<x<?2

Explanation: Given,
2x+3,2<x<3

lim f(x)= lim (x2=1)

x-327 x-2 2
lim [(2-h)? -1]= lim (4 +h* —4h-1
h—TD[( ) ] h—';nﬂ( * )

= lim (h*-4h+3)=3
h-20

and lim f(x)= lim (2x+3)
x-22* x—2*

= lim [2(2+h)+3]
h-0

=7
Therefore, the quadratic equation whose roots
are
3and7l8x’ -3+ 7)x+3x7=0
ie. x*-10x+21=0.

L
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14, lim 2N2X-X
x-0 3x-sinx
1
a) 2 =
(a) (b) 5
1 1
© -3 @ 3
[NCERT Exemplar]
Ans. (b) i
2
tan2x-x (0
Explanation: Given, x—To Ix—ane |0 ) form

Now, applying L 'Hospital's rule we get,

2sec? 2x -1

x-20 3-—cosx

2-1
2

R =

Assertion Reason Questions

Direction: In the following questions, a statement of
Assertion (A) is followed by a statement of Reason

®).

Choose the correct answer out of thefollowing
choices.

(a) Both (A) and (R) are true and (R) is the correct
explanation of (A).

(b) Both (A) and (R) are true but (R) is not the correct
explanation of (A).

(c) (A) is true but (R) is false.

(d) (A) is false but (R) is true.

ax?+bx+c

15. Assertion (A): Um

is equal to 1,
x-1ex? 4+ bx+a o

wherea+b +c=0.

1.1
Reason (R): xl.i:!lz ’;H_g is equal to 7

Ans. (c) (A) Is true but (R) is false.

2
. . . ax“+bx+c
Explanation: Given, lim =
x->1lcx” +bx+a
ax(1)2+bxl+c

L‘x(l)2+bxl+ﬂ

a+b+c _ 1
c+b+a

1.1

Rk

Glven, lim x 2
g X 42

R . T §
x->=22x%(X+2) x->=22x

1 1

T 2-2) 4

in ax

16. Assertion (A): llmuEI =
X —

. a
is equal to .

gin x

=L

Reason (R): lim
(R) x=0 X

Ans. (ag) Both (A) and (R) are true and (R) Is the correct
explanation of (A).

Explanation: Given, lm ki (a)sinax
x=0 bx  x-0 b(ax)

[dividing and multiplying by g

ot | = i B0 oy
x-0 ax

. . sinax+bx
17. Assertion (A): lim

—F  is equal to -2.
x~20 ax + sin bx q

Reason (R): lirr; (ng + 5x + 1) is equal to 11.
X =2

Ans. (d) (A) is false but (R) Is true.

. . sinax+bx
Explanation: im ———
x-0 ax +5in bx

Dividing each term by x, we get

sinax bx a sin ax
- lim —X X = |im —ax_

x=0 ax sinbx x-0  bsinbx

—_—— a+

X x bx

_ axl+b a+b 4 [ lim smx=1]

+b

N a+bx1=a+b x-20 X

Given, lim (Sx3 +5x+1)
x—1

<SP+ 5+ 12545 +1a1i

18. Assertion (A): lim gin(x—x) is equal to m.
X 3R It(l't—x)

Cos X

Reason (R):  lim

1
is equalto —.
x—=0 A—-X s

L
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Ans. (d) (A) is false but (R) is true.

Explanation: Given, lim Sin(r—x)

x—r n(n—x)
Llet. t -x=h,Asx — x,thenh — 0,

lirm sin (n—x) - lim sinh
xwn M(n—x) h=0 wh

i L, 8inh
h-0Tm h

) . cosx
Given, lim
x->0M =X

Putting, the limit directly, we get

cosC):l
n-0

(CASE BASED Questions (CBQs) )

[ 4 & 5 marks ]

Read the following passages and answer the
questions that follow:

19. A function fis said to be a rational function, if
fix) = % where g(x) and h{x) are polynomilal

functions such that h(x) = 0.

Then, f_rng(x)_ﬂh(x)
™) oo
m h(x) h(a)

However, if h(a) = ?)a then there are two cases

arise,

) ga) = 0 @ g(a) =0

In the first case, we say that the limit does not
exist.

In the second case, we can find limit.

x2-4
(A) Find the value of lim | ————|.
x0=2| x3 _4x? + 4x

s
® Find lim X =2 +1
xom1y3 _3x% 42

(C) Find the positive integer 'n"” so that

m[w]=1oa_
x-3| (x-=3)

x*-4

3

Ans. (A) Consider f{x) = ——
X —4x? +4x

On putting x = 2, we get

A2) = -4—4—9 ie, itis of the form 9
8-16+8 0 0

(B) Given lim

So, let us first factorise it

-4
Consider, Lim e a
x=02 x3 _4x2 4 4x

lim (x+2)(x-2)
x22  x(x-2)%

(x+2)
x_)z x{x 2)

xlx3 _3x242

x7—x5——x5+l

lin
xo1x3 32 _9yx242
« T (X% =1)-1(x" -1)
x1 x2(x-1)-2(x2 -1)

On dividing numerator and denominator by
(x-1). we get
B(x2-1) 1(x°-1)

i D) (x=1)
x=1 x2(x-1) 2(x?-1)

(x-1)  (x-1)

5 xs—l
lim x7(x+1)= lim
x-1 x-1| x-1

Lim x? - lim 2(x +1)

x-21 x-1

L
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1x2~—5x(1)4_2—5 Based on above information, answer the

= e A following questions.

(A)  lm (1+x+x%2+..+x®) is equal to:

n x—r=1
~ lim x'-a =ng™!
x-xa X-—d (@ O (b) 1
g () 2 d 3
= =il ®) lims [x2%(x -1)] is equal to:
(x"=3") (@) 10 (b) 100
(€) Given limit: lim [ﬁ_]ﬂoa © 25 (d) 125
x>, X—
: 3,.2 ; .
Ko mebiawe ©) Il.l_l':‘lz (x+x“+x-1) is equal to:
@ 9 ®) 11
lim [@] =n(3)""! (c) 10 (d) 13
x->3 -
(x-3) ©) lim (x3+x+2) is equal to:
n(3)"~' = 108 x->=3
Now, this can be written as: (@) 28 (b) -28
n(@)" = 4(27) = 4(3)*! () 30 () <5
Li 4_x3) :
Therefore, by comparing the expanents in the ® I_r:‘(x *°) leequal to
above equation, we get (@ 192 () 180
n=4 () 50 (d) 165
Therefore, the value of positive integer “n” Is 4. Ans.(A) (@) O
Explanation: Given, limit
20. Rgj was learning limit of a polynomial function = m Qex+x2 43+ + 5455+ %
. , iy
from his tutor Rajesh. +x3+xX9)
His tutor told that a function f is said to be a =1-1+1-1+1-14+1-14+1-1=0
polynomial function, if f{(x) is zero function. (B) (b) 100
: Explanation: Given, limit
= lim [x*(x -1))
x-25
= lim [xs—le
X285
= lim x7 = lim x?
x5 x-5
=5~ ()’
=125-25=100

Now;, let

. © @ 13
fix)=ay,+ax+ ax’ + .. +a, X" be a polynomial Explanation: Given, limit
function, where as are real numbers and a, = 0. = i G-y
Then, limit of a polynomial function f{x) wul

lim f(x) = lim x>+ lim x? + lim x + lim (1)
X~ x22 x-22 x->2 x=>
=2¥+(2*+(@)-1

= lim [ao+alx+aix2+_+anx"] @ eadr )

x—a =8+4+2-1=13
s ‘ ; 2 - (D) () -28
= +.+ lima_x

}J—Taao+:}]-Taalx+xh-ranaazx x—=a " Explanation: Given, limit

== Fs
= ay+a, im x+a, im x2+_+an lim x" = xl.T.a(x +x+2)
x—sa x—sa x—a
=aa+ala+azaz+_.+ana”=ﬂ'a) = lim x*+ lim x+ lm 2
x->=3 x-=3 x-p=3

- ———————-——-—--—--—-——--_—---—._.r_-—----:kG--rm--—-—-----—---""""1
L
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A A d A A " " A A A A " " " A d A A " " A A A d A " " 1
=(=33+(3)+2 Explanation: Given, limit :
=BT BB = lim (x*-x%)
x4 |
Rl Leea = lim x* - lim x° = (4)" - (4’ |
©® (@) 192 = 256 -64 =192 |
(VERY SHORT ANSWER Type Questions (VSA)) |
[ 1 mark] l
lim 9x cos x—3sinx = hm[ 1_ _] l
21. Evaluate: kol —4x2—tcmx ’ sl '?2+x+ ?2 |
Ans. Given, =[ 1 ]
_ | o |
9x cos x—3sin x 9cosx -3
lim | =2 e i [ ————X o<t |
x=0| 4x*_tanx xs0| 4. tonx 24. Evaluate: lim
| W x->8| x-4 |
[On dividing the numerator and denominator by x] T
o Ans. LetL = lim [e - ] |
9 lim [cosx]—B lim | 20X x-8| x-4
_ xw0 x-00 x | 9(1)-3(1) . . |
= = T ting, x=4 +y
4 lim [x]— Lim [_tanxJ H~D)
Kol el Then,y=x-4andy > 0andasx — 4 |
2, _
22. Evaluate: Lim [cnsx 4]. L= Lm gt = lim gle? ¢’ l
x-an[6] COBX—2 gD y y <00 y |
Ans. Given,
2 , de¥-1
im | €98 =] lim (cos x+2)(cos x-2) - ik [e ( ) |
xmzf6| cosx-2 | x—xr/6 cosx—2 y=-0 y |
= L
x":‘l;{& (cos x + 2) = 8% E'y__l =Eq(1J=Ed_
y-0| Yy |
= lim [cosx+2]=cosg+2
x -2 r[6
. 25. Evaluate: lim [E’Q(zﬁ} l
\/5 x >0 X |
o g 2
2 i [9@+59]_ . [5, log(1+5x)
Ane. ol 3x x-0[3  5x |
Jv2 -2 b 5 s
23. Evaluate: umu[-};\/—]' [Diksha]) {Multiplying and dividing by 5} |
X —» X
5 I.og(1+5x)] |
= - l]m —
\ - 31-\10[ 5
Ans. Given, lm [-—?-%—@] .
x>0 r E ti [lcg(l+5X)] |
=1 [\,‘24-):‘—\/5])([\124_)(4_\5] 35x—-0 Sx |
x—0 X \}2+x+\(2 [+ 5x—>0a8x—>0] |
x=0| x (V2+x +V2) ol |
Get More Learning Materials Here : & m @) www.studentbro.in
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S s
2_ 2
26. Evaluate: lim L. e e .
x-a X-a
[NCERT Exemplar]
S S

Ans. L (2+X)2=(a+2)2
iwg (24%)=(a+2)

5 s

(2+x)2=(a+2)2

" asesess Qn)={o+2)

S

=1

= g(a +2)2

3
(a +2)2

n _n
. X =d

- lim
x-pa X-—4

- sin(2x) +3x
x-02x +(tan3x)
[Delhi Gov. QB 2022]

MlU"I

=n-f"1]

27. Evaluate:

Ans. Given,
2x(sin2x)
sin(2x)+3x lim 2% + 3x
x->02x+(tan3x)  x- 0 2x+3x(tan3x)
3x
; ; 8iN2x .
lim 2x.|.1m[ ]+ lim 3x
- x—0 x>0 2x x-20
lim 2x + lim 3x. lim [t”” L
x>0 x0 x—0L 3x

.| tan3x .| sin2x .
Now as lim and lim bath will
x-0 3x x=0 2x
im [5|n2x]+ lim 3x
x—-0| 2x x—0

lim 2x._li
tan3x

x—0
3x

be 1.

=%

lim 2x+ lim 3x.lim
x—0 x>0 x-30

lim 2x.1+ lim 3x
= !—v.)‘ﬂ K—'\)ﬂ

lim2x+ lim3x.1

x->0 x=20

. 2x+43x .
= m =—=1lim
x-202x+3x x-0

1=1

sin 2x +3x
m ————— =
x—0 2x +tan 3x

Jy1-cos6x

28. Evaluate: lim . [NCERT Exemplar]
x *’5 2i L '

Ans. Given that, hm V1-cos6x
\E L.
3
!!25111 Ix

=

- 1—cosB =2 sin? —2-]

X*-)

win
%1

oy 2L
L-.)IT-I
\..__./

3-sin(r—3x)

m = lim
— E wt=3x oK r=-3x
3 3

. Binx
=3x1=3 [':hm—=1]
x>0 X

]
’ﬁr.:

(SHORT ANSWER Type-I Questions (SA-I) )

[ 2 marks |

4 3 3
29. If lim[" ‘1]= Lim[" "kz} than: find the

x-1] x-1 x-ok| x2 —k

value of ke [NCERT Exemplar]

2 | ) x3 k3
Ans. Given that, lim = lim
xol] x-1 x-rk X2 _kz
4 4 3 3
lim e =lim x =k
x21 x-=1 X2 _k:

[ lim
xw3a X-—d

Get More Learning Materials Here : &
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2 _ LHL = Lim X,
30. Evaluate the given limit: Ijmx—g . x45~[ﬂ )
/ x>32x? _5x -3
Ans. Given, Umi = xllh}l'g“[x‘sl
x-32x2 _5x -3
2. 2 _ (92 o s i =G
lim ;( 9 — lim (zx) (3) ’111310[5 h-5] [But putting x = 5 - h]
xm3 2y _Gx—3 *32x* _6x+x-3 "
_ i _x=3(x+3) B
x=3 2x(x=3)+ 1(x -3) Since, lm [Ax)]= lm [Rx)]=0
x-25+ x=25=
. (x+3) _
-T'i (2x+1) Hence, 112’15 [fix)=0]
On putting x = 3, we get T
. sin2x+3x
_ (3+3) 33. Evaluate: Bﬂ?}m [NCERT Exemplar]
2x3+1
6 Ans. Given that lim M
S — x-0 2x +tan3x
6+1
6 sin2x +3x < Ix
=37 1 2x
= lim
31. Find lim [Ax)], where HC‘{ 2X+tan3)<]x3x
x—0 qx
A= 2x+3if x<0 .
3(x +1)if x>0 BinZx, 3% |.oy
= 2% 2x
Ans. Given x>0 2x+tan3x 2
—_— — %
RHL = lm [fx)] 3x  3x
x=20+
= lim [3(x+ 1)] lim sir|2x+§
el _\x20 2x 2) 2
= lim [30+h+1)] [By putting x =0+ ] "2, tanax) 3
x>0 "3"+ lim 3
-0
LHL.= lm [fx) 5 %
xe20w p 3
= lim [2x+3 1+_)
x-—}D-[ ] = 2 xg
= lim [20-h)+3] [By putting x=0 - h] 2,11 3
h-0 3
=3
5
Since, lim [f(x)]= Lm [f(x)]=3 5
x—yD—l-[ ( )] x—:ﬂ-[ ( )l = 2)'(2=§=‘C2=]. - lim ﬂ:l
'5_ 3 2 3 x-20 X
Hence, I.imO (X)) =13 3
2
32. Find lim [f()), where fix) = |x| - 5. 34, Bualaeas ey | 228 _dx +1]
x-25 Lil2x-1 4x2_1
_ x=-5 ifxz0
Ans. Given ix) = |x] -5 = i S D [NCERT Exemplar]
RHL = i " 2
xli?s-l., (] Ans. Given that, lim = 3_4x 1
1| 2x-1 4x2_1
X—r=-
= lim [x-5]
x-25+
2
= Um [S+h-5 [Butputtingx=54H & g | EE=@x4l) (e 1)
x>0 1 (4}(2-—1)

Xeo=
2

- ———————-——-—--—--—-——--_—---—._.r_-—----:kG--rm--—-—-----—---""""1
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0
=
3

16x2-6x+8x-3-4x2-1
CL |

2
lim 2(6x*+x-2)

2
sk dyfeq
2

[
(=}
3
r

—12x2+2x-4 "
4x? -1

2[6)(2 +4x—3x—2]
lim
A (2x+1)(2x-1)
2

Xon

2[2x (3x +2}-—1(3x+2)]
m
1 (2x+1)(2x-1)

Xwd

23x+2)(2x-1) . 2(3x+2)
L xe(2x-1) 1 (2x+1)
2 2

Taking limit, we have

4] 4)

2xl+1 2
2

NI~

(SHORT ANSWER Type-Il Questions (SA-II))

[ 3 marks ]
35. Evaluate: lim SinSx—sindx | B Pﬂ)[l]:l
x-20 tan7x
Ans. Given, LHL = lm [F(x)]
x-0
sinS5x sin3x fim (1)
i —6i - = m [-1]=-1
lim sinSx —sin3x i % = e
x w00 tan7x xuo0 tan7x
x Since,  lim[f(x)]= lim[f(x))
x-20 x—=0

[On dividing numerator and denominator by x|

55in5x_35in3x

Hence, lim[f(x)])does not exist
x=x0

= Sx 3x
=i
ki ton 7x 37. Evaluate: lim|£anX—2tan3x +tan5x |
7 7x x--0 x
S lim gin 5x —3 lim sin3x Ans. Given, lim tanx-2tan3x+tan5x
x0| 5x x-0| 3x ’ ) x =30 x
- s tan7x
7:"_:10[ 7x J — lim tunx_2tun3x+tun5x
x-aﬂ_ x X X
5 im sin5x -1 lim sin3x )
_ Sx-0| 5x 3x.20| 3x = lm tunx_ﬁtan3x+stun5x
- ; tan7x x—«:ﬂh X 3x Sx
7 lim
belgl, 95 K tan3 tan5
: an x s an3x : anSx
[+5¢—>0,3x—> 0,7x > 0as x = 0] = E:B hT]_SESJ Ix ]"'thl:z[ Sx ]
_5(1)-3(1)_2 .
= —“—'—““‘7(1) 7 = i tan x 6 tan3x 48 i tanSx
x=0[ X Ixe=20 3x Sxwol Sx
I .
96 Find Uoy (RG] ahera =g 200 =1-6(1)+5(1)=0
S 0ifx=0
- . sinx-—sina
) FH. Evaluate: lim . [NCERT Exemplar]
N'rf 6 —if x>0 1ifx>0 e :x-—;a
—ifx= ;
Ans. fix) = x. = 1-Zire=0" -1ifx<0 Ans. Given, [im sinx—sinag
Oifx=0 X Qifx=0 x=>a :;x_::la
0if x=0
; ; . sinx—si +VJa
Given.  RHL = lim [f(x)] = Y SRR E x s
x>0 xw-oa \/_—\/(; \/;4.\/;
Get More Learning Materials Here : m @) www.studentbro.in
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in x —si 2-1
= lim s slna)(\/;+\fa_) Ans. Given, that lim ﬂ
x—a X=a x-20 sinzx
(2msx+a_sinx—a](\/;+\/a_) - \fz——‘j1+casxxﬁ+\[1+cosx
= lim z . x-00 sin?x \E+J1+cosx
x=20 X=-a
i 2—-(1+cosx)
« X=0O -
§in xwol gjn2 o BT L
= lim 2e0sXtd. ___2 (\/;-}-\/t;) smx[\/_ ccsxj
x=x0 2XX-—-G
: l-cosx
= lim 2 \/_
x20 gin xl 2+J1+cos xJ
= lim cos(xga](\/;+\/a)
P Ja )
2sin’x/2 . 1
sin—— "~ ==0(2sinx/2cos /2 [V2+[1+cosx ]
lim 2 -1
X80, 5 X=d
2 2 i 2sin%x /2 i
= um — > 2>('
Taking limit we have x=20 (4sin“x [ 2cos”x [ 2) [\E+\/l+cust
= co8 [a;a](\/;+\/a} ! 2 1
= lim x
xinly 2% l\ﬁ+,;‘1+cost
=cnsax2\/; 2
Taking limit. we get
=2\/E-r:asa
- S SO - W
\E—‘,‘1+cosx - =% i ;‘
39. Evaluate: lim R pam— 4cos?0 (\E-HE) 22 42
x-10 sin“x 1
[NCERT Exemplar] = 4—-!-
( LONG ANSWER Type Questions (LA) )
[ 4 & 5 marks ]
3 2 2 e 3\
40, Eviliate U x =7x“+15x-9 ) - lim (x=3)(x*-4x+3) formg
x->3 x4 _5x3427x-27 x-3 (x=3)(x3 =2x2 —6x+9) L 0)
2 ( 3\
' - 3 0
x> -7x?+15x -9 = le& form =
Ans. When, x=3,the expression lim 233952
x-23 x4 _5x3427x -27 *=3,6% - 2x -6x+9 0)
/ 3\
s e form
assumes the form o x-3 (x=3)(x2 +x-3) L 0
. -1 3-1 2
-3 = lime—m——= s
So, (x 3) is a factor of numerator and X+T3x2+x~3 5:55 5
denominatar. Factarising the numerator and
. -l
denominator, we get 41. Evaluate: lim ‘:M].
x-0a X-a
—7x2 = 0 2
lim =752 +15x-9 [fﬂ"“—] Ans. We have, lim [___ng 1093]
x-3 x4 _5x3427x-27 x<a| x-a
Get More Learning Materials Here : & m @) www.studentbro.in
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Putx=a+y
Then,y=x-aandy —>0asx—>a

lim [lagx—laga] = lim [lag(a+g)-—log a]
x=30 X=a y =0 u

3
a+y

= lim a
y—0

-...
o |e

={ Y50 as y—0

42, Evaluate: Llim
x-onf3

Ans. Given:
T V1-cos6x
xwor[3 \/E(E—X]
3

On putting x = g— y, we get

Then,y = ——xondyao as xag
P T -:fl—cos(Qrc—By)
y—on i ﬁy
i _:fl-—casﬁy
y..;ﬂ- Jiy
lim 3!2sin23y
- y-oa Jay

Get More Learning Materials Here : &

43.

Ans.

=]
s

=4 « U sin3y
N y-0| 3y

= 3x im |23 | 9y —>0csy—0)
3y-0| 3y . J
L —>

=3(1)=3

Differentiate cos(x?* + 1)s with respect to '
using first principal method.

[NCERT Exemplar]
Let Ax) = cos (X* + 1) 0|
= Ax+Ax) =cos [(x+ A% + 1] ..{ii)

Subtracting equation (i) from equation (i) we get
fix + Ax) = ix) = cos[(x + Ax)? + 1] - cos(* + 1)
Dividing both sides by Ax we get

F(x+Ax)—F(x) _[cos[(x+Ax)? +1] —cos(x? +1)
Ax = Ax

- Ui f(x+Ax)—f(x)
Ax—>0 Ax

2 2
- lm cos[(x + Ax)" +1)]—cos(x“ +1)
Ax—0 Ax

2 2
—fg= lim cos|(x + Ax)” + 1]—cos(x” +1)
Ax 0 Ax

= lim —25in[

(x+Ax)2+1+x2+1
X
Ax—0

2

2
Ax

. L(X+Ax)2+1—x2—1
sin

, E~D|
. 8in

[ cos C—msD:—QsinC+D

lim -2sin
Ax—0

x2+ x4 2x Ax+x242

x
2

x2 + Ax? + 2x Ax —x2

2
Ax

sin|[

AX2
[x2+ T+)u.\x—1_] " [AX (Ax+2x)]

) 2 2
lim
Ax o0 Ax

—2sin

L
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2 (Ax +2x)
wp il B X Ax
- Qsm[x + 2 +xAx+1] ) 2 ] [Ax+2x]
_sin 2 = X 5
Ax+2x
[ (Ax+2x)] A"[ 5 J
sin| Ax
S g A: . Ax+2x
Pl Roc i 2 ] AX[AX+2X:|—)O
2
o, it Taking limit, we have
= ﬁTU—zsm X +—5—+xAx+1 =2 sin (x2+1)-1-(x)
=-2xsin (¢ +1)

o gy B g
x-20 X
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| TOPIC1 |
DERIVATIVE AT A POINT
Let f(x) be a real valued function defined an an open OR
interval (a, b) and let ce(a, b). Then, f{x) is said to be = R
differentiable or derivable at x = ¢, if
f(a+h)-f(a)

Lim Mi(c) exists finitely.

XeaC X =-

This limit is called the derivative or differentiation of f{x)

d
atx=candis denoted by f'(c) or Dfic) or {E F(X)} X=c

That is, f’(c)= lim

X=3C

M, provided that the limit
c

X -
exists.

Throughout this chapter it will be assumed that a given
function f{x) is differentiable at every pointinits domain,

. f(x)-F
te. im Fricrie) exists for all c in its domain.

xwec X=C
f,‘l(c)= lim F(X)'—F(C)= lim F{X}‘”F(C)
xwoct X—C x-e- X—C
= Fle)m im f(c+h;—f(c)
ar, F’(C)= lim F(C—h)-F(C)
h-0 -h
dy

Geometrical Meaning of

Let P(a, fla)) be any point on the curve y = fx).

Let Q(a + h, fla + h)) be any neighbouring point an the
curve. Let the secant PQ be inclined at an angle 8 with,
x-axis, as shown in the figure.

Y 4

fla+ h)fp=mmmmmmmm e Qa+h Fla+h)

f(a)

Then, slope of secant PQ = tan 8

Get More Learning Materials Here : &

DERIVATIVES E

h
As h — 0, we observe that Q — P and
secant PQ — tangent at point F.

So, slope of tangentat P = lim (slope of secant PQ)
Q-P

. | f(a+h)=Ff(a) _(dy
I-El—r?0|: h ]_(5]"0

d
Canclusion: [Ey] represent slope of tangent to the
Xx=ag

curve y = f{x) at the point (a, Aa)).

In general, dy represents the slope of the tangent to
dx

the curve y = f{x) at the point (x, y).

Basic Rules of Differentiation

In the previous section, we have discussed the method
of finding the derivative using the first principle. In
this section, we shall learn how to find the derivation
without using the first principle directly.
Let us now summarise the results from the previous
section

d

—(a)=0, where ais a constant

o =

n)= nxn-l_

I
>

@)
(3) —(sinx)=cos x.
%) (cos x)=—sin x.
(tan x) =sec?x.

©)

(cot x)=- cosec? x.

(6)

(sec x)=sec x.tan x.

Rle &]a &l &|a R[a R|a &

(cosecx) = - cosecx. cot x.

()
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Let us now state a very important thearem. This
theorem tells us the method of finding the derivatives
of sum, difference, product and quotient of functions.

Theorem

Let f and g be two real functions such that their
derivatives are defined in domain D.

Let ¢ be any real number. Then

(1) Derivative of the scalar multple of a functon is
given by

L (l=c 1)

(2) Derivative of the power of a function is given by
n=1 i
dx

(3) Derivative of sum of function is given by

%[{f(x)}"hﬂif(x)l [F()L
d d d
™ [F(x)+g(x)]= d_x[F(X)] + I[Q(X)]-
(4) Derivative of difference of function is given by
d d d
e [f(x)-g(x)]= E[F(X)] - E[Q(X)]-
(5) Derivation of product of function is given by
d d d
= F(¥)a(x)1=F(x) —=[g(x))+g(x) —[F(x)]

(6) Derivation of quotient of functions is given by

d d
i[@]= g(x) = I ()]-F(x) - [g(x)]
929 (9P

Whenever g(x) = 0.

Example 2.1: Find the derivative of the following
functions w.rt. x

a b
(A) — = —+4Ccos X
X4 x2

(B) x* (5 sinx - 3 cos x)

b

Ans. (A) Let f(x)=—~—+cos x
X X

a b ]

— ——5 +Co8 X

X4 X

(2] 4[5, L conm
Todx| 4 ) dx| 2] dx

d, 4 d,6 .2 d
=aa(x )-—ba(x )+E(cosx)

Then, f’(x):%[

= a(-4x"%)=b.(-2x"3) —sinx

4a 2 .
= ——+——5inx.
x> x

(B) Let fix) = x* (5 sin x - 3 coa x).

d
Then, F'(X)=E [x* (5 sin x - 3 cos X))

B x4di(55inx—3cosx)+(5 sin x —3 cos x)
x

d 4
dx(X)

= AL g
= x [dx(Sslnx) dx(BcoEx)]

+(5sinx -3 cos x)(4x3)

=x* (5 cosx + 3 sinx) + (5 sin x -3 cos x)(4x3)
Example 2.2: Find the derivation of the following
functions w.r.t x:
(A) S5sinx-6cosx+7
(B) 2tanx-7secx
Ans. (A) Letfi)=5sinx-Bcosx+7

Then, I""(X)=-5— (5sinx-6cosx+7)
x

%(Ssin x)._%(Scos X)+:_X(7)

S-i-(sinx)—ng-(cos x)+0

=5 cos x + 6 sin x
(B) Let f{x) = 2 tan x - 7 sec x

Then, f'(x)= i (2 tan x —7 sec x)
dx

%(Ztanx)—-ad;ﬂsecx)

d d
2—(tanx)-7 —(secx
dx( ) d.x( )

= 2 sec’ x - 7 sec x tan x.
Example 2.3: Differentiate the following functions
with respect to x:
(A) sin(x+a)
sin(x +a)
cos X

®)

Ans. (A) Clearly, %[sin(x+a}]

d ., ;
E[sm X cOsa + cos x sinal

i(5in X cos a)+ i(t:cna x sina)
dx dx

cosa 4 (sinx)+sina d (cos x)
dx dx

= co5 a cos x + 6in a (- sin x)
= oS x CO8 a - 6in x 5sina = cos (x + a)

(B) Clearly, i{w}
dx cos X

d |sinxcosa+cosxsing
dx cos x

L
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d .
= — f{tan x cos a + sin g}
dx

d » d.
_dx( nxmsa)+dx (sin @)

d (o |30
= cosa— (tan x)+ —(sina
dx( ) cbc( )

=cosaxsecix+0
= BBCZ X COBEQ
Example 2.4: Find the derivative of the x° - 27
function from first principles.
Ans. Let flx) = x3- 27.
Then, fix + h) = (x + h)* - 27

9 (¢ = tim PP =F0)
h—0

dx h
d o fesh) -271- 10 =27

ol i

= 26
_ i (3 +3x2h+3xh2 + B2 =27) = (x3 -27)
" h-0 h

d 3x2h+3xh?+H
—(f(x)) = lim —
= (f(x)) e -

= -‘% (F(x) = E?G(ax? +3xh+h?%)

=32+ 3xx0+0=3x

Example 2.5: Find the derivative of the following
functions (it is to be understood that g, b, c, d, p,
g, r and s are fixed non-zero constant m and n are
integers).

4x +5sinx o
@A) —————— (B) (ax+b)
3x+7cos x
2
e P © Z-L icosx
ax+b 14 12
Ans. (A Ltf(x}—4x+55inx
scla) Lo " 3x+7cosx

By quaotient rule,

(3x+7cos x)~d—(4x+55in x)—
dx

(4x +Ssin x)—d—-(Sx +7 cos x)
F’(X): dx

(3x +7 cos x)?
d d, .
(3x+7cos x)|:4 Z(x)-i—sa(sm x):|

. d d
—(4x+55|nx)|;3z(x)+7a(m5x)}

(3x + 7cosx)?

(3x + 7 cos x)[4 + 5 cos x]=(4x + 5sin x)
[3-7sinx]

(3x +7 cos x)?

12x + 15x cos x + 28 cos x + 35 cos?

x =12x+28x sin x =15 sin x + 35 sin? x

(3x +7 cos x)2

15x cos x +28 cos x+28x sinx

—15sin x +35(cos’x +sin? x)

(3x +7cosx )2

_ 35+15xcosx+28cos x+28xsinx-15sinx

(3x +7 cos x)?
(B) Let fx) = (ax + b)".
Accordingly, fx + h) = {a(x + h) + b}”
=(ax+ah+b)”
By first principle,
Py ity DEET DI =T
h—-0 h
_ lim (ax +ah+b)" —(ax + b)"”
h-0 h

(ax+b)"[1+ o ]—(ax+b)”
ax+b

im
h—-0 h

[ 1+[ ah ]+n(n—1)

ax+b 2
= (ax +b)" lim1 -1

h=0 h [ ki ]2
+
ax+b

(using binemial theorem)

2,2
n( ah ]+n(n—1)ah 2
ax+b )  2(ax+b)?

= (ax+b)" lim % (terms containing higher
h=0

degree of h)

2,2
_ Y lim na n(n-a)a‘h N
(ax + }h.oa[(ax+b)+ Py +

ol na
= (ax +b) [(a“b)m]

n
o pglARN

ax+b
= na(ax + b)Y

2
(©) Let F(x)=2XTFLL

ax+b

By quotient rule.
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(ax+b)di{px2+qx+r)—(px2 +qgx+r)
Ix

-g;(ax+ b)

f(x)=
(ax +b)?

_ (ax+b)(2px +q)-(px* +gx +r)(a)

(ax+b)?

2apx? +aqx +2bpx + bq—apx? —agx —ar

(ax+b)?

B apx2 +2bpx +bg—ar
(ax+b)?

x2

f(x)= i{i]—i[£]+%(cos )

R T L Ly
x‘l

o 96 Lty
_adx(x ) bdx(x )+dx(cosx)

= a(=4x"5) = b(=2x"3) + (- sin x)

i(x"):nx""‘ ondi(cos X)=—sinx
dx dx

-da 2b .
= —S-+—-—5|nx
X X

COBJ ECTIVE Type Questions)

Multiple Choice Questions

1. The derivation of e is:

(a) e (b) 9™
(© -9 (d) none
Ans. (c) -9~

Explanation: Let y = e

d(e) _ -ox, d(-9%)

dx dx
= _ge-ax
2. Derivation of 5¢“9%is:
(a) 5x* (b) x°
(©) 4x* (d) none
Ans. () 5x°
 d(5e"%) g5
Explanation: e e
>
= 5x*

3. Derivation of sin’ x is:
(a) cos® x (b) 3 sin’ x
(©) 3sin®xcosx (d) 0

Ans. (c) 3 sin® x cos x

d(sin® x) (s

Explanation:

=3 sinzxxM
dx
= 3 sin? x cos x
4. Rx)=x*=5x+7FP(3) = vrrvume :
(@) 11 (b) 1

(© 4 d)o [Diksha]

Get More Learning Materials Here : &

Ans. (b) 1

Explanation: Given,
fix) =x*=5x + 7
fix) = 2x -5
f'3)=2x3-5
=6-5
=1

Derivation of log b is:

1
@ 3 (b) 0
(c) not define d 1

Ans. (b) 0

d b
Explanation: 2iiouL)

Here, log b is constant so derivative of constant
is 0.

Derivation of cos 0° is:

Ans. () 0

(@ 0 (b) 1
(c) 2 d 3
Explanation: d(czO")

Value of cos 0° = 1, which is a constant
So. the derivative of constant is 0.

Derivation of (.’254. 2-) is:

X
1. .2 1 2
(@) '54';-2' (b) 2 2
E 2 i o-a Diksh
5 @ -~  [Diksha]

L
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1 2
Ans. (b) =-=
s 0 5=

d[x 2
Explanation: —| = +%<
planation dx[? x)

13) 43
2 X
= +
dx dx
1. 2
=3 3

8. Derivation of tan? x is:
(@) 2tanx-sec?x  (b) cot®x
(© 0 (d) None
Ans. (0) 2 tan x - sec x

d(tan? x) _d(tan x)?

. 2
E)cplclnﬂt[on I'
— 2 tan X ————

2
=2 tan x sec” x
- . 3 .
9. Derivation of ax” + 2x is:

(@ o (b) 3ax+2
© 3% +2 (d) none
Ans. () 30x°+ 2
I d(ax3+2x)_adx3+%
planation: s == T
=3ax*+2
10. Ify = (sin x + tan x), then %GtX=% is:
V3 3 4
@ S-+\3 ® |5+3
© -\{2—§+4 (d) g [Diksha]

9
Ans. ol
C) 5
Explanation: Given: y = (sin x + tan x)
To find: d—yatx= =
dx 3

Yy = (sin x + tan x)
Differentiation w.rt. ¥

d
;y = (cos x + sec’ X)

[As i (tan x)=sec? x; i (sin x)= cos x]
dx dx

Assertion Reason Questions

Direction: In the following questions, a statement of

Assertion (A) is followed by a statement of Reason

®R).

Choose the correct answer out of the following

choices.

(a) Both (A) and (R) are true and (R) is the correct
explanation of A.

(b) Both (A) and (R) are true but (R) is not the correct
explanation of (A).

(c) (A)is true but (R) is false.

(d) (A)is false but (R) is true.

11. Letu =f{x) and v = g(x). Then,
Assertion(A): (uv) = u'v+ uv' is a Leibnitz rule
or product rule.

Reason (R): [E] =u’v;uv
v

is a Leibnitz

’

rule or quotient rule.
Ans. (c) (A) is true but (R) is false.
Explanation: Let u = fix) and v = g(x).
Then, (L) =u'v+uv
This is referred as Leibnitz rule or the product
rule for differentiating product of functions.
Similorly, the quotient rule is [-E-]’ = L—/v;—w
v
12. Assertion (A): The derivation of f{x) = X’ is x°.
Reason (R): The derivation of f{x) = x" is nx™~.
Ans. (d) A is false but R is true.
Explanation: We have, fx) = x°
We know that the derivation of X" is nx™™.
= Frx) = 3 = x°
13. Assertion (A): The derivation of y = 2x - %
is 2.
Reason (R): The derivation of y = exis c.
Ans. (a) Both (A) and (R) are true and (R) is the correct
explanation of (A).

3
Explanation: We have, y = 2x - 1
W o 2x1)-0=2
= ey 2x1)-0=
14. Assertion (A): The derivation of
h(x)=x+cosx L

tan x

(1-sinx)tanx—(x+cosx)sec? x

(tan 1)2
Reason (R): [E] =u’:_u:—)2ui_
=X

L
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Ans. (a) Both (A) and (R) are true and (R) is the correct
explanation of (A).

X+CcosXx

Explanation: We have, h(x) = _(i)

tan x

Differentiating both sides of () wrt ‘X, we get

(x + cos xY tan x —(x + cos x)(tan x)’

h' =
) (tan x)?

(1 -sinx)tan x —(x + cos x) sec? x

- (tan x)2

(CASE BASED Questions (CBQs) )

[ 4 & 5 marks |

Read the following passages and answer the
questions that follow:

15. Llet f be a real valued function, the function

F(x +h)=f(x)

defined by f’(x)= lim whenever
h—=0

the limit exists is defined to be the derivative of f
at x

For a function, f{x) = tan x. answer the following
questions.
(A) Find the value of fix + h)-f{x).

Fles ) —F
(@) Firid thievalue of im TEED =0

-0
(C) Find the derivative of filx) = X using the
first principle.
Ans. (A) fix + h) - f{x) = tan (x + h) - tan x
sin(x+h) sinx
cos(x+h) cosx
sin(x + h) cos x - sin x cos(x + h)
cos x.cos (x + h)

sin(x+h-x) sinh

cos x.cos(x+h)  cos xcos(x+h)

f(x+h)=Ff(x)

lim
® h—0 h
= lim smh_ lim 1
h-0 h h=0cosx-cos(x+h)

s 1
im ————
h—->0 cos x -cos (x +h) |:

- m sin x " 1]
x=00 X
1

CC)S2 X

(C) By definition,

f‘i(xj = lim [F(x+h)-f(x)]
h-0 h

Now, substitute fix) = x° in the above
equatiorc

Get More Learning Materials Here : &

Fie= tim (xth)=x)
h -0

Fi)= lim OO+ +3xh(x+h)-x°)
h—0 h

f'®) = lim (h° +3x(x +h))
h -0

Substitute h = 0, we get

Frx) = 3x*
Therefore, the derivative of the function
fr(x) = x2 is 3x2

16. Let f be a real valued function, the function
f(x+h)-f(x)
h
For a function f{x) = sin x + cos x answer the
following questions.
(A) The derivative of flx) w.r.t x is:
(@) cosx+sinx (b) cosx-sinx

defined by f’(x)= li
efined by f'(x) hz?o

(c) 0 (d) none of these
(B) The value of f'(0) is:

(@) 2 (b) 0

(© 1 (d) -1
(C) The value of f'(90°) is:

(@ 2 () 0

(© 1 (d) -1
(D) The value of f'(60°) is:

(@) 2 (ORY

(© 1 (d) -1

(E) The derivative of x* cos x is:
(@) 2xsinx-x*sinx
(b) 2x cos x - x? sin x
(©) 2xsinx-x?cosx
(d) cos x - x?sin x cos x
Ans: (A) (b) cos x - sin x
Explanation: Since f{x) = sin x + cos x
Hence derivative, f'(x) = cos x - sin x
® (©1
Explanation: f(x) = cos x - sin x
f'(0) = cos 0° —sin 0°
=1-0
=,
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© @ -1
Explanation: f{(x )= cos x - sin x
f7(90) = cos 90° - sin 90°
=0 lea]
0) @-1
Explanation: f(x) = cos x-sin x
f(60) = cos 60 - sin 60
1.3
)
=-1
(B) () 2x cosx - x? sin x

Explanation: i{.’(21:05,\()
dx

Using the formula

2 (g

d d
= f(X)[EQ(X)]-P Q(X)[JF(X)]

d. 2
dx{x cosx)

= xz[i (cos x)] +cos x[—g— x2]
dx dx

=x? (- sin x) + cos x(2x)

= 2x o8 x - x* sin x

(VERY SHORT ANSWER Type Questions (VSA))

[ 1 mark ]

17. Differentiate x° + 3> + 3% with respect to x.
[Delhi Gov. QB 2022]
Ans. Let, fx)=3x+x +3°

f(x) = %(:-rr +x3+3%)

= a0+ 2@
f'(x) =3log 3 + 3x°
2 d
18. Ify = xe""* then find Ey

Ans. y= x,emﬂ”J
y

dy _ xi(em"zh(em’z)i(ﬂ
dx dX dX
d—y=x.e‘j“‘f2 -cosx2-2x+e"i"‘2-1

o 2 ]
2 = B
= 2™ .casx* +e" .
So required solution is

dy  sinx?,, 2 2
—=g 2x“cosx“ +1
dx ( )

1
seu:z(::cg +x-1)
[Delhi Gov. QB 2022]

1.
2

sec (x3 +x-1)

19. Differentiate sin2(C +x-1) +

with respect to x.

Ans. Let fix) = ain:(xa-:-x—l)+

fix) = sin:z()(:i +x-1)+ ct:.\sz()(3 +x-1)

2 1
vCOE X=
sec?x

fix)=1 [ sin’x +cos’x = 1]
iy < 0
Fieg= =
f'x)=0
20. Differentiate the functions with respect to x:

*axdex?i

[NCERT Exemplar]
x
xd+x3+x?41
Ans, Let Y= ——o—
X
Dividing by x we get
1

= y=x3+x24x4+=
X

Differentiating a given equaton with respect

1
= 3X2+2_X+1——2
X

21. Find the derivative of tan x°.

Ans. Let y =tan x°
QOn converting it into radian, we get

191
180°

y=tan
So,
W _ o2 ﬂx[_"_)
dx 180 \180

ﬂ: r EBC2 Jex
dx 180° 180°

L
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(SHORT ANSWER Type-I Questions (SA-1) ) I
[ 2 marks | l
S ;2 d
22. Evaluate XX FX*1 =(3x-5) — (1 +cotx) + (1 +cotx) |
x
d [ 3 +x? 1] d 1 1 3 (3x-5) l
Ans. a[%]:a[x+l+—+'—2} dx |
& e =(3x—5)(—cosec2x)+(1+mtx)3
=ix+i_1+il+i[%] =-(3x - 5) cosec® x + 3 (1 + cot x) |
dc dx  dex delx = -3x cosec? x + 5 cosec? x + 3 cot x + 3 l
= 1+O—i+[—i] 5
2 3 x~ —cos x
% 2t 25. Evaluate . : [NCERT Exemplar] |
sin x
—1-L_2 |
- 7 .3 } X3 = cos x
* X Ans. Given Yy=—
23. Find (3x + 5)(1 + tan x). [NCERT Exemplar] SiE |
d y
Ans. Let y=(3x+ 5)(1 + tan x) o (x° - cos x)/sin x = [WA%(XS—MX) |
Applying product rule of differentiation that is
pplying p —(xs—cosx).i(slnx)]j&'mjx |
dy d d g
—=(1+tanx)—(3x+5)+(3x+5)—
dx dx dx Bu using quatient rule, l
(1+tanx)
d [sin x (Sx4 +5in x)— (xs —cos x)(cos x)] |
= ﬁ=3(1+tanx]+{3x+5]aec2x B i |
=3xsec’x +5sec’ x+3 + 3 tanx [Sx‘a, sin X +sin’x — x° cos X +c052x]
(by using product rule) sinx l
Hence, the required answer is = [Sx sin x — x5 cos X +(sin? +cos? x)] |
3 4 - sin® x
Ixsec”x+S5sec’ x+3tanx+ 3. l
[5x* sinx — x> cos x+1]
24. Differentiate (3x - 5)(1 + cot x). = 70 l
sin” x
Ans. let y=(3x-5)(1 + cotx) Hence, the required answer is |
dy d [5x4 sin x — x° cos x + 1]
—==— [(3x - 5)(1 + cot x)] .
dx dx sin? x |
(SHORT ANSWER Type-Il Questions (SA-1I)) |
[ 3 marks | |
Applying quotient rule of differentiation that is
26. Find the derivative of —x>9 LS |
5x2-7x+9 s-ﬁ—t-d—s
[NCERT Exemplar] w S(E] et l
dx|s 52
. Ax+4 3x+4 |
Ans. Given —— = P g mi—
5x? —7x+9 Sx? —7x+9 |
Get More Learning Materials Here : & m @) www.studentbro.in
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On appluing the rule, we get

(5x2 —7x+9)%(3x+4)—(3x+4)

i(sz -7x+9)
dx

= dy_
dx (5x% =7x+9)?
dy 3(5x%-7x+9)-(3x +4)(10x-7)
= 2 2
(5x° =7x+9)

On differentiation, we get

(15x% —21x +27-30x? + 21x — 40x + 28)
(5x% —7x +9)?
(-1 5x? —40x +55)
(5x? —=7x+9)?

_ (55-40x-15x%)
(5x2 - 7x+9)2

L. 1-cosx
27. Find the derivation of | ——.
1+cosx
Ans. Let ’Hﬂ
l+cosx

S = tt:m.2 =
o, y= 5
=tan -
SRS
d
W _ o2 X (i]
dx 2 \2
o a+bsinx
28. Find the derivative of ——— .
c+dcosx
[NCERT Exemplar]

. a+bsinx
Ans. Given y=——
c+dcosx

Applying quotient rule of differentiation that is

dt
8 (e MRS
dx|sy )™ syz
a+bsinx
= - ——
c+dcosx
d ; .
(c+dcosx)-d—-(a+b5|nx)—(a+b5|nx)
Ix
i(c+du:t:’s.>c)
L du_ dx
dx {C+dCDSX)2
On differentiating. we get
dy (c+dcosx)(bcosx)-(a+ bsinx)(—dsinx)
= —= >
dx (c+dcosx)
dy bcosx(c+dcosx)+dsinx(a+bsinx)
: —_—

dx (C+dCDSX}2

[cbcos x +bd cos? x + ad sin x + bd sin® x]

(c +d cos x)?

[cb cos x + ad sin x + bd (cos? x +sin? x)]

(c+dcos x}2

cbcos x +ad sin x + bd

(c+dcosx)®
2
29. If y=cos x-e*"~ ﬁlenﬁnd%ii.

ohn o
Using product rule.

Ans. Given,y = cos x . e

= casx%(emxz)+(e‘imz)%(cos x)

d ; o :
~--"'-"-=t:.::.\sx-e"“’(2 -cos x2 -2x—e"“"2 -8in x

3 2 . 2
= 2x-cosxe™ ¥ _cos x? —e"¥ _ginx

So required solution is,

d .
_'_-:‘=eunx

- (2xcosx-cosx2—sin x)

( LONG ANSWER Type Questions (LA))

[ 4 & 5 marks ]

30. Find derivative of (2x - 7)? (3x + 5)3 with
respect to x. [NCERT Exemplar]

Ans. Given iy = (2x - 7)? (3x + 5)*

Applying product rule of differentiation that is

d dt dy
—_— )=l ——t =
= (ty)=y !

L
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- ———————-——-—--—--—-——--_—---—._.r_-—----:kG--rm--—-—-----—---""""1

= y=(2x-7)? 3x +5)°
d

dy 3
= —=(3x+5
e o

d
2X — 24. Doy s 2=
(2x =7y +(2x-7)

(3x +5)°
On differentiating, we get

= jx_y= (2)Bx +5)°2(2x =7)* +(3)(2x - 7)?

3(3x+5)2
5 Zx_g = 4(3x + 53 (2x = 7)+ 9(2x - 7)2(3x + 5)2
On simplification, we get

- %:(2)(-7)(3“5)2[4(3):+5)+9(2x—7)l

3 jx—”= (2x = 7)(3x + 5)2(30x — 43)

31. Find derivative of sin’x.cos x with respect to
aln(o®)
e :

Ans. Let U =sin®x.cosx

Kk v = g5in(e®)

du
Now we have to find —.
dv
So, £=d(5ini X -COS X)
dx

2
= sin? x dlcos X)+ccsx digins)
dx dx

= sin? x(-sin x) + cos x2 sin x cos x

Get More Learning Materials Here : & m

=-s5in® x +2 sin x cos? x
. 2 350
=sin x (2 cos” x - sin” x)

2 x - sin? x)

=sinx (mszx + cos

= sin x (cos? x + cos 2x)

4 dv_d
and —==—-

(")

= .~s""”(“‘.)-t:t:t\s(F_"‘}-eJc
du sinx (cos? x +cos2 x)
dv () . cos ¥ - e~

32. Differentiate with respect to x using the first

principle x? cos x. [Diksha]
Ans. Given, fix) = x? cos x
. F(x+h)=f(x)
. . F’ - IJ
First principle, f(x) h_r’r:) e

2 2
Fody=tim (x +h)* cos(x +h)—x" cos x
h=0 h

Using L-Hospital's rule, we have,
2(x + h)cos (x + h) +(x + h)?

[-sin{x +h)]-0
1

f'(x)= Lim
(X) h=0

f’(x)=Llim 2(x +h)cos(x+h)+(x+ h)2
h-0
[=sin(x + h)]

f'(x)=2(x+0)cos (x+0) +(x+ 0):J [-sin(x + 0))
fx) = 2x cos x + x* [-sin x|
o fx) = 2x cos x = x* sin x
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